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Abstract. We study the moduli space of instantons on a simply connected 
positive definite four manifold by analyzing the classifying map of the index 
bundle of a family of Dirac operators parametrized by the moduli space. As 
applications we compute the cohomology ring for the charge 2 moduli space 
in the rank stable limit. 



1. Introduction 

Let X be a simply connected positive definite four manifold with base point Xoo G X 
and \ei E ^ X be an SU{r) vector bundle with second Chern class C2{E) = —k < 0. 
We will denote by 9Jl^(X) the moduli space of self-dual connections on E, framed 
at Xoo- By results in |Don88| and |Fre82| . X is homeomorphic to a connected sum 
of a number q of copies of CP^. Let Xq denote this manifold. 

A Dirac operator ^ : r(S'+) ^{S^) defines a iiT-theory class [Ker ^] — [Coker ^] 
over 2Jl^(Xg) whose fiber at each point A G TV^{Xq) is given by the kernel and cok- 
ernel of the operator ^ coupled to the connection A. For A a self-dual connection, 
the operator ^ is surjective, hence its kernel defines a vector bundle over dJV^{Xg), 
with classifying map / : Ml{Xq) BU{N) [N = dimKer^ = Ind^). In this 
paper we will study this family of maps (one for each Dirac operator) and use it to 
obtain information about the topology of the moduli space 97ljJ(Xq). 

For r' > r, direct sum with a trivial rank r' — r bundle induces a map 9Jt^(Xg) — > 
^i{Xq) and we define M^{Xq) = lim9}t^(Xg). In (SallOfij it was shown that, for 

g = (Xo = S"'), Ind ^ = fc and the map / : OT^(S'4) ^ BU{k) is a homotopy 
equivalence. Our first result is (see also BS97 ) 

Theorem 1.1. Let ^j. be the Dirac operators on CP^ with associated Chern classes 
the generators ±1 G _ff^(CP^). Then Ind = k and the associated map x /_ : 
S[H^(CP^) BU{k) X BU{k) is a homotopy equivalence. 

These results have a nice interpretation as follows: In jTaii89j Taubes showed 
that, for k' > k, there is a glueing map 9Jt)^(X) — > OTtJJ, (X) such that the space 
dJT^iX) = limMfe(X) is homotopy equivalent to Map{X, BSU{r)). When r ^ oo 

Ma,p{Xq, BSU) is homotopic to the product of 1 copies of BU so we have a map 

9 

Tl^iXq) limaJir ^ n ^1 j^^* ^^(^) ^ BU 
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and BU{k) x BU{k) BU x BU respectively. For each 
Dirac operators with index k inducing a map / : 9Jt5J(Xg) 
the diagram 

m^^{x,)^^Y{U,BU{k) 

commutes and, when r — > oo, the bottom map is a homotopy equivalence. We will 
show that 

Theorem 1.2. For fc = 1,2 and any q, the map OT^(Xq) limM^ = HBU 
induces a surjective map in cohomology. 

We conjecture this result is true for all k: 

Conjecture 1.3. The map limSW^ = 11-^^ induces a surjective map 

in cohomology. 

Theorem II .21 will allow us to compute the cohomology ring of Vyt^{Xq): 

Theorem 1.4. H* (dyi2{Xq)) is isomorphic to the quotient of the polynomial ring 
Z[d, C2, 5}, S'2; 1 < i < q] (with deg Cn,Sl^ = 2n) by the ideal generated by 

CiSlSi + SlSi + S^Si , i^j 

C2S\S{-SlSi, i^j 

SlSiS'l, i^j^k 

SlSiS^, tj^j^k 

The strategy of the proofs will be to define a subspace C Tll{Xq) and to 
compute the map induced in cohomology by the composition 

j:i,-^muXq)^f[BUik) 

1=0 

In section 2 we will define the moduli spaces 971^ (X^) and the classifying map 
/ : DJll.{Xq) — > Y\BU{k). Then in section 3 we will introduce the spaces ^. 
and use them to prove theorem 11.11 In section 4 we define, for q' < q, maps 
TT* : ^XIt1{Xq/) 071^ (Xg) and study some of their properties. These results will be 
used in section 5 to prove theorems II . 41 and 11.21 

2. The moduli space and the classifying map 

Let Xq denote the connected sum of q copies of CP^. Fix a C°° SU{r) vector bundle 
E Xq with C2{E) = —k < and let A{E) denote the space of connections on E. 
A connection A e A{E) is called self-dual if = 0. These connections minimize 



q we will choose q + 1 
1 

-> such that 
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the Yang-Mills functional / \Fa\'^ (see |DK90j V Let Q be the gauge group of auto- 
morphisms of the bundle E. Fix a point Xoo & Xq and let ^/o = {5 G ^ \g{xoo) = !}• 
The moduli space 971)1 (X^) of instantons framed at Xoo is the quotient of the space 
of self-dual connections by ^7o- 

Given a Spin'^ structure on Xq with associated line bundle L and cohomology class 
c G H^{Xq) (c — W2{Xq) mod2), a choice of a connection a in L induces a Dirac 
operator : T{S+) -> T{S-) (see for example |LM89j ). We wiU take a to be the 
(unique) self-dual connection on L. Then, to each connection A £ A{E) we can 
associate a Dirac operator ^ : r(S'+ (g) E) ^ T{S~ ® E) coupled with A. 

Proposition 2.1. The index of ^ is given by 

Proof. It is a direct consequence of the formula 

ind ^^ j^ = • ch{E) ■ i(M) 
for the index of a Dirac operator. □ 

Notice that if = sig(M) = q then ind ^ is independent of the rank r of E. 

Proposition 2.2. There are exactly 2* Spin'^ structures on M such that = q, 
namely c = (±1, . . . , ±1)- 

Proof. From Wu's formulas, 

W2 = Sq°V2 + Sq^vi + Sq'^VQ = V2 

where V2 G -ff^(M, Z/2) satisfies W2 Ua; = S'g^x = xUx for any x £ iJ^(M, Z/2) (see 
|MS74j . theorem 11.14). From here it follows that 

ii;2(Af) = (l,...,l)eil2(A/,Z/2) 

Now the conditions — sig(Af) = q and ■W2 ~ cmod2 imply c ~ (±1, . . . , ±1). □ 

Proposition 2.3. Let Xq, ^ be as above and assume that Xq has a metric with 
scalar curvature s > 0. Then if the connections A, a are self-dual, the operator ^ 
is surjective. 

Proof. We want to show the cokernel of ^ is zero. Hence we look at the Bochner- 
Weizenboch formula for the dual operator ^* ^: 

where s is the scalar curvature of Xq and 91 is defined as follows: locally we can 
write = So (8) (g) E. Let a e r(S'o), v e r(L^ ® S). Then 

4 

9^(cr(g)i;)= (ejekcr) <S) {F'{ej,ek)v) 

Here F~ is the anti-self-dual part of the curvature on ^ E induced by a, A, 
which vanishes if A, a are self-dual. Since s > it follows that ^* ^ is injective 
which completes the proof. □ 
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Let X C A denote the space of self-dual connections, We have the diagram 
Ixg T{S+ ® E) — ^ Ixg r(S- ® E) 



I/Go 

where ^c([^; ■^l) = [^i a^]- Then the kernel of defines a rank k vector bundle 
[Ker over I/Go = m( (see |Seg70| ), with classifying map fc : Ml BU(k). 

Now we choose q + I specific Spin'' structures: fix a basis ei, . . . , of H^{Xq). 
Then define Cq = (1, 1, . . . , 1) and, for Z = 1, . . . , g, 

ci = -e/ + ^ 

q 

The associated classifying maps define a map / : Tl1{Xq) J^£??7(fc). This 

/=o 

choice of Chern classes cq, . . . ,Cq is justified by the following theorem (which will 
be proven at the end of next section): 

Theorem 2.4. When k,r ^ oo, the map f : Tl^{Xq) Yl^^ ^ homotopy 
equivalence. 



3. Orbits 

In this section we define the subspace E^ ^, C dyV^{Xq) and compute the composition 
'Sqf.^ — > Y[BU{k). As a corollary we prove theorems 11.11 and 12 .41 

The group Q of automorphisms of E acts on dJVf.{Xq). For a connection A G A{E) 
let Or{A) C denote the orbit of [A] under the action of Q. We will choose 
C^'^^Y^) connections Aj and define j. as the union of the orbits Or{Aj): 

To each q-tuple J — (ji, j2, ■ • ■ ,jq) with | J| = — k we define a connection 

Aj on as follows: fix an isomorphism cj) : E = 0^ La where the line bundles La 
satisfy 

#{a\ci{La) = e,} = #{a|ci(L,) = -ej = j, , #{a|ci(La) = 0} = r - 2A: 

(ei, . . . , is a basis of H^). That is, E ^ L®i\®L®i\ ® . . . ® L®^'^ ©L®^^ ©LS-2^ 
Let Aa be the self-dual connection on La and define Aj = (p'^ {®a ^a.) <t>- We can 
now define E^ : 

Definition 3.1. The space E^ is the disjoint union 



Observe that for a different choice of isomorphism (j) : E = 0^ La, Aj would differ 
by (t)~^4i G Q- Hence Or{Aj) depends only on J. We will often simplify the notation 
and write Or {J) instead of Or{Aj). 
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Proposition 3.2. Let I a be the stabilizer of A under the action of Q, I[a] be the 
stabilizer of [A] under G/Go cind [I a] the image of I a on ^Mk■ Then these 3 groups 
are isomorphic and we have 

OriA) . ^ 
Ia 

Proof. It follows directly from the fact that the action of Go on A{E) is free. □ 

Proposition 3.3. The stabilizer I[a,] C G/Go of [Aj] is the intersection of the 
subgroup 

P{J) = U{h) X U(3i) X ... X U{3q) X [/(j,) X U{r - 2k), 
sitting in U{r) diagonally, with SU{r). 

Proof. It is clear that P{J) C I[a,]- Let g G Iaj C G (we are identifying Iaj 
and I[A,]- see proposition I3.2|l . Locally {Aj)ab = Sab^a and we get the equation 
dgab = 9ab{^a — ^b) which implies SabidXa ^ dXb) = 0. So, since dXa is the harmonic 
2-form representing ci(La), gab = if ci(La) ^ ci{Lb). This shows g G P{J) 
completing the proof. □ 

Hence, when r — > oo, the orbit of Aj is given by 

Or{J)=BU{,nr' x...xBU{j,r' 

The main result of this section is 

Theorem 3.4. Let 

B^c ■■ BUUi)''^ X ... X BUifgY''' ^ BU{ji) X ... X BU{jg) 

be the projection map defined as follows: in each factor BU{ji)^^ , BtTc is the 
projection onto the first component if cU Ci = 1 and onto the second component 
ifcUei — —1. Then the restriction of f to Or{J), f : Or{J) —>■ BU{k), is the 
composition of BtTc with the Whitney sum map 

BU{n) X ... X BU{jq) ^ BU{k) 

Before we prove this theorem we need the following lemma analyzing the restriction 
of the vector space [Ker ^^^.{Xq) to an orbit Or(Ao): 

Proposition 3.5. Let G ^ G/Go and fix Aq G I. Let p : Iiaq] ^ ^Aq denote the 
isomorphism of proposition Then p induces a representation of I[Ao] on the 

vector space 

The bundle [Ker restricted to the orbit Or{Ao) is isomorphic to the vector 
bundle associated to the principal bundle G G / I^Aq] o-nd the representation p. 

Proof, p is weU defined since, for h G Ia„, ^AqV" = h'^^j^^htp. We begin by 
defining a map 

G -xV ^Txg^T 
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(where g^^Aog is a shorthand for g^^ o Vaq ° <?)■ Observe that this map descends 
to give a map {G/Go) x/^^ V ^ 2 xg^T where Go acts on G on the right and Iaq 
acts on G on the left and on V by p. The statement of the proposition is that this 
bundle map, when restricted to Or(A), is an isomorphism onto the kernel of 

We first show surjectivity. Let A e Or{A), ip e T{S+ (g) E) be such that ^^ip = 0. 
Then A — g^^ o Aq o g for some g (z G and gil> e V because ^AqQ"^ — Q^a^ — 0- 
Then {g,gip) ^ V'] which shows surjectivity. 

Now suppose {gi, ipi) and {g2, tp2) have the same image, that is, [gi^Aggi, g^^^i] = 
[5^^^032,3^ V2]- Then, for some /i G Go, = 5^V2 and (gi/i)~^Ao(gi/i) = 

g2^Aog2, so g2{gih)~^ G /^f,. It follows that 

(51, "01) ~ {gih,ipi) (52 (51 M " ^ 51 52(51^)^^1) = (52^2) 
This concludes the proof of the proposition. □ 



We can now prove theorem l3.4l 



Proof, f is the composition of the classifying map G/Ia, BIa, with the map 
Bp : BIaj BGl{V) induced by the representation p : Ia,, Gl{V). So we have 
to analyze this representation. Let ip G V and let g g P{J)- Recall 

E - Lf^\ © L®^,; © . . . ® © L®il © i®'-^'^ 

Then we can write 

ij ^ ip+ ® ^- ® . . . ® ip-^ ® tp- ® 

5 = 5^ © 5r © • ■ ■ © 5^ © 5g" © 50 

with ij}f G r ^i®ei) ^iifi equivalently for gf. Now ^^^/i = hence ^^±^f' — 

where Af = A^^' is the connection on i®^' . Also j0'V'o = hence ^po = and 50 
acts trivially. From the index theorem it follows 

±ei • (c ± Ci) 1 ± c U 
= ^ = 

Now, cU Ci = ±1. Hence 

• If c U e.; = +1 then tp~ = and = vipi with ipi £ r(L+ei) and v G C^*; 
It follows that g~ acts trivially and gf acts by matrix multiplication on v. 

• If c U ej = —1 then ipf = and ij^^ — vipi with -0^ S r(L_e.) and w G C^*; 
It follows that g,^ acts trivially and g~ acts by matrix multiplication on v. 

Fixing tpi,. . . ,tpq as above gives an isomorphism V = 0^ © ... © C-'" . Let 

Pe(J) = {(7 (ji)x...x{/(j,) I det = l} 

Then there is an obvious representation pc of Pc{n) onV = 0^ © . . . ©C^« which is 
trivial on the U{r — k) factor. It follows that p is the composition of tTc with direct 
sum ^ Gl(V). 

Now, when r — > 00 we have 

G/lA,^BU{hr^ x...xBU{jqY^ 
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and BIaj = G/Ia,, x BU^^. The classifying map of G — > G/Ia,, is then the 
identity on the G / Iaj component and the resuh follows. □ 

As a corollary we have 

Theorem 3.6. For Xi = CP^, and when r ^ oo, the map f : OT^(Xi) ^ 
BU{k) X BU{k) is a homotopy equivalence. 



Proof. Clearly the restriction of / to S^j^j, is a homotopy equivalence. From theorem 
I A. 21 in the appendix, the inclusion S^^. — > is a homotopy equivalency. The 

result follows. □ 



As another corollary we can now prove theorem l2.4l 

Theorem 3.7. When k,r ~^ oo, the map f : DJl^(Xg) Yi^^ homotopy 
equivalence. 



Proof. We begin by writing M"^ = lira 9Jt^. Let [An] £ Tf^^ be the connection 

n 

associated with J = (n, n, . . . , n). We claim that, when n oo, the map 

f*:H^{ Or{An) ) ^ ( BUinq) x . . . x BU{nq) ) 

induced by / in homology is surjective. It follows that, when n oo, the map 

: ( Tl^g )^H,i BU{nq) x . . . x BU{nq) ) 

is surjective hence an isomorphism. Since SOTJ^ is simply connected, / is a homotopy 
equivalence. 

To prove the claim we recall that 

1=1 

When n — > oo, Or(Aoo) is a loop space and the homology ring is 
H,{Or{Aoo)) = Z[xl+ ,xl;^ ;! < i<q,m>l] 

(jl^^^ - ^[^m;0 < l<q,m> 1] 

and, by theorem K14l f^ is given by 



f.ixl^)=ij2^rn)-X'„ 



J=0 



f* i^m ) — 

This map is clearly surjective. This completes the proof. □ 
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4. Instantons and holomorphic bundles 

The objective of this section is to define, for < q, embeddings tt* : dJV^(Xqr) 
dJtl.{Xq) and to investigate their properties. In particular we will show that 

• TT*{Or{A)) ^ Or{Tr*A) 

• For Xqi = S'^ and r ^ oo, /c o tt* is a homotopy equivalence. 

We begin by relating instantons with holomorphic bundles. For details see |Buc98| . 
The space Xq \ {xoo} is isomorphic to the blow up Cg of at q points xi, . . . ,Xq, 
and given a self-dual connection A on E ^ Xq, its (0, 1) part A°'^ is a holomorphic 
structure on the bundle -E — » Cq. Denote by £a the resulting holomorphic bundle 
over Cg. Cg can be compactified by adding a line Loo at infinity. The resulting 
compact surface is the blow-up CP^ of CP^ at q points. Then £a extends to 
a holomorphic bundle over CPg, and the framing of the connection A at Xoo S 
Xq induces a framing of £ at Loo- In |Buc93| . |MatnOj . it was shown that this 
correspondence is a real analytic isomorphism betwen moduli spaces: 

Definition 4.1. Let p : CPg Xq be the blow -up map sending Lao to x^o- Let 
Al^(CPg) be the quotient by AntijfE) of the space of pairs {a'^'^,4>), where a^'^ is 
a holomorphic structure on p* E — > CPg, inducing a holomorphic bundle £ trivial 
at Loo, o,nd (f) : £\l^ O®*^ is a trivialization. 

Theorem 4.2. Fix an isomorphism h : E^^ — > C^ and define a map ^' : 971)1 (Xg) 
A^^(CPg) by ^'([A]) = [p*A'^'^,p*h]. Then is an isomorphism of real analytic 
moduli spaces. 

The isomorphism ^ has the following properties: 

Proposition 4.3. Let Aj — Aq be the connection associated with the q-tuple 
J . For each a, Aq induces a holomorphic structure on La, defining a holomorphic 
line bundle Ca- Then the holomorphic bundle £aj associated with the connection 
Aj is isomorphic to the direct sum Ca- 

Proof It follows from pM^'i = 0„p*AO'i □ 

Proposition 4.4. Let g e G/Go = Ant E^ ^ SU{r). Then ^{[g-^Ag]) = 
[p*A"'\ ip*g) o ip*h)] (p*g e Aut iOfJ). 

Proof It follows from p* {g^'^ A°''^ g) = {p*g)-^{p*A°'^)p*g. □ 

Let Li C CPg, i = 1, . . . , q, denote the exceptional divisors. Then (see jSanOSp 

Theorem 4.5. Let I C {l,...,q} and write \I\ = #/. Let tt/ : CPg CPj^jj be 
the blow up at points Xj, j ^ /. ttj induces embeddings 

(1) n* : MliCP^j^) ^ MUCPl) 

defined by 7rj([Q;"'^, 0]) = [tTju'^'^ , (f>], whose images are the bundles 

(2) ttUMUCP^j^)) = {[£, 0] I £\l, trivial for j i /} 
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The mverse map (ttJ)-! : TT*jMl{CFfj^) MUCPf^) can be described as foUows: 
CP^ \ Lj is biholomorphic to CP^j| minus 9—1/1 points. Given a bundle over 

CP^ restrict it to CP^ \ IJ • Then this bundle extends in a unique way to give a 
bundle over CP^^i. A corollary of this description is 

Proposition 4.6. To a q-tuple J ~ (ji, . . . ,jq) such that ji = whenever i (f: I 
we can associate a (q — \I\) -tuple J formed by the entries ji of J with i ^ I . Then 
TT*jOr{J) = Or{J). In particular Or{J) C 7r;(97l^(CPm)). 



Proof. From proposition ^21 it follows that Tr}Or{J) C Or (J). Now, from equation 
13 Or{J) C Tr*j{mi{CF^j^)). Then (7r|)~iOr(J) C Or{J) which completes the 
proof. □ 



A direct consequence of proposition 14.41 is 

Proposition 4.7. Let A £ Then Tr*j{Or{A)) = Or{Tr*jA) 

The last result of this section is 

Theorem 4.8. Let fc : dJlk{Xq) BU{k) he the classifying map o/[Ker ^^]. Then 
the composition 

BU{k) = mk{S^) MkiXg) — ^ BU{k) 

is a homotopy equivalence. 



Proof. We first prove the result for fc = 1. Let A be a self-dual (irreducible) con- 
nection on a rank 2 charge 1 bundle E2 over 5^. Then we can define a self-dual 
connection A — ( ^ [J ) on _E = i?2 ® C"^^. The stabilizer of A is the subgroup 
X U{r - 2) C U{r) of matrices 




where 522 G U{r ~ 2). From proposition 14.71 Or{'K*,jA] = 7r|(Or(yl)). This shows 
that the maps fc ■ Or{TT^A) BU{1) are homotopy equivalences. The result of the 
theorem for fc = 1 then follows since the inclusion Or{A) — > 97li(S"') is a homotopy 
equivalence. 
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Now we prove the general case. Direct sum induces a map TVf}^ {Xq) x 9Jt^^ {^g) 
S^fc^+fcj i^q) which is weh defined when ri, r2 ^ oo (see theorem IB .21 in the appen- 
dices). We have the commutative diagram 



MiiXo) X ... x$Hi(Xo) 



■miXo) 



iTn X...X7r,, 



X ... X MiiXg) 

fcX...Xfa 

BU{1) X ... X BU{1)- 



■mk{Xq) 

^BU{k) 



We showed aheady that the left vertical maps give a homotopy equivalence. The 
bottom map (Whitney sum) is surjective in homology. It follows that the composi- 
tion /cO7r0 of the right vertical maps is surjective in homology. Hence it must be an 
isomorphism in homology. Since BU{k) is simply connected, /c o TTg is a homotopy 
equivalence. □ 



5. Applications 

The objective of this section is to prove theorems II. 21 and II. 41 They will be conse- 
quences of the theorem 

Theorem 5.1. Let i : E^jt dJtk{Xq) be the inclusion and let 

K = Kcv{t*of* :H* {l\BU{k))-^H*{j:q,k)) 
Then, for k — 1,2 the map i* : H*{VJlk{Xq)) —>■ H*{T.q_k) is injective and the map 
r : H* (UBUik)) IK ^ H*[mk[Xq)) 

is an isomorphism. 

We begin by computing K. Recall that — ]J Or{J) and we have Or{J) = 
Y^^—i {BU{ji) X BU{ji) ). We introduce some notation: 

H* I [] Or{J) I - '^C; l<i<q,l<n<Ji] 



, |J|=fe 



\J\=k 



H* (\\BU{k)^ = TL {Ci; ^<l<q,n>\\ 



It will be convenient to make a change of variable. With power series notation 



(C = 1 . . ., -'c'^ = 1 + 

c 



.) let 



V = V+ 



Then 
(3) 



\,J\=k 



,/i=fc 
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We will also use in this section the following notation: Let Ji be the q-tuple such 
that ji — for I ^ i and ji = 1. Then let Jij = Ji + Jj . 

Proposition 5.2. For k — 1, K is generated by SlSf, i ^ j. For k — 2, K is 

generated by 

CiSlSi + SlSi + S'^Si , i^j 

Proof. These elements are clearly in the kernel so we only have to show the map is 
injective if we mod out by this ideal. For k = 1 this is clearly the case so let k — 2. 
Then, for each i, the composition 

Z[Ci,C2,Sl,S'^]^ H* {IIBU{2)) ^ H*{J:) ^ Or{Ju) 

is an isomorphism. Hence the kernel is contained in the ideal AI2 generated by 
products S]l_^S''^^, Uj — 1, 2, ii ^ ii- Now observe that 

S\(C^S\S{ + S\Si + S\S{) + S\(C2S\S{ - S\Si) = S{{iS\f + C^S\S\ + C2{S\f) 
It follows that any element x G M2 can be written as 

X = ^ Qij ^1^2) ^ 

where Pij,Qij S Z[Ci,C2, SI, S^] and k e K. We want to show that if /*(x) = 
then Pij = Qij = 0. Fixing i ^ j, and letting f*j be the composition 
H* (n BU{2)) ^ Or{J,j) we have 

/* (x) = (/* (/^,) + f*j{Q,,)ci)s\s{ = 

But both fij{Pij) and fijiQij) are symetric in c^, cj hence we must have f*j{Pij) = 
fijiQij) = 0. This clearly implies Pij ~ Qij =0. □ 

Before we prove theorem 15. II we need the following results proven in | San03| : 
Theorem 5.3. Consider the ideals Ki,Kij generated by 

= {ki,k2) (lZ[ai,a2,ki,k2] = H*{BUi2)''^) 
K,j = (xixa) CZ[a;i,X2,X3,a:4] = i/*(SC/(l)^4) 
Then, we have the isomorphism of abelian groups 

i/*(an2(x,)) = z[ai, 02] ® © 

i i<j 

The next theorem uses the notation in theorem 14 . 51 with I — {i}, {i,i}'- 

Theorem 5.4. Let C C M2{X2) = M2{Cfl) he given by 

(4) C ^ {[8,(t)]\E IS trivial in CP2 \ (ii U L2) } 

There is a homotopy equivalence g : C OJli(Xi) x ^i{Xi) and 
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(1) Let i*^ : t:'^'^2{Xq) 9Jl2(Xq) he the inclusion. Then i*^ : Z[ai,a2] — > 
H* (Tr^DJl2) is an isomorphism. 

(2) Let li : tt*T12{Xi) 9Jl2(^g) he the inclusion. Then i* : Z[ai, 02] ® K, ^ 
i?*(7r*S[Tl2) is an isomorphism and i*{Kki) = — for any k,l and 
any j ^ i. 

(3) Let lij : tt,* C — > dJt2{Xq) be the inclusion. Then the map i*j : Kij — > 
H*['K*jC) is injective and i*j{Kki) — for different sets {k,l} ^ j}- 

Proposition 5.5. Or{Jii) C 7r*9Jl2, Or{Jij) C T^ijC (i / j), and these inclusions 
are homotopy equivalences. 

Proof. From proposition 14.61 we have 7r*(I]i) = Ori^Ja) and from theorem IA.2I 
it follows that the inclusion Or^Ju) 7r*9Jl2 is a homotopy equivalence. Since 
Or(l, 1) C C (Or(l, 1) is the orbit associated with J = (1,1)), proposition 14.61 
implies Or{Jij) = Tr*jOr{l, 1) C TT*jC. To show that this inclusion is a homotopy 
equivalence we need to look at the map 5 : C — > fSli{Xi) x VJli{Xi). This map 
is defined as follows (compare with the discussion after theorem 14 .51) : the spaces 
CPl\Li {i = 1, 2) are biholomorphic to CP^ minus one point. The bundles f |cp|\Li 
extend uniquely to give bundles £i over CP^ {i = 1,2). Then g is defined by 
g{£) = {£i,£2). We have a commutative diagram 

n*^m2{X2) ^ c ^ $Hi(Xi) X MiiXi) 




Si,i X Eia 

We claim that g : Or(l, 1) x Ei i is a homotopy equivalence. It will follow 

that the inclusion Or{Jij) — > T^ljC is a homotopy equivalence. To prove the claim 
we recall that 



C/(l)><4 X [/(r ~4) ' C/(l)x2 X C/(r - 2) 

Then it follows from proposition 14.41 that the map Or(l, 1) '^1,1 is the natural 
projection map. When r — > 00 we see that g : Or(l, 1) ^ Si^i x is a homotopy 
equivalence. This concludes the proof. □ 

Now we prove theorem 15 .11 

Proof. First we observe that the map i* : H*{dK2{Xq)) i/*(S) is injective. 
This follows easily from theorems 15.31 and 15.41 Hence we only need to show that 
/* : H*{Y[BU{2)) H*{Tl2) is surjective. We will divide the proof into several 
steps. 

(1) Let lij c Z[Ci,C2,S[,Si] be the ideal generated by SlSi and SlSl We 
claim that f *{Iij) C Kij. Let y e Lij. Then write /*(y) = a;0+X] ^i+X) 
with Xfts e Z[ai, 02], Xi G Ki and Xij G Kij. Then, for any Z, iif*{y) = = 
*r(^0 + xi) so XfD ^ xi = 0. Then, for any pair {k,l} ^ {i,j} we have 
'^k,if*iy) = = "^k.ii^ + Xk + xi + Xki) = iljixki) hence Xki = 0. This 
completes the proof. 
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(2) We claim that f*{Iij) — Kij. First we observe that the image of the 
map lij — > Z[c5^, cj, s^, sj] is precisely the ideal generated by s\s\. It is 
clearly contained in that ideal so we only have to show surjectivity. Recall 
(equation 01 that 5*^ i-^ s^. Also, since = for n > 1 it follows that 
sj, = {—c\)"'~^s\. This shows surjectivity. Now, since f*{Iij) = Kij and 
s\, s{ are both primitive elements in H*{Or{Jij)) it follows that f*{Iij) = 

(3) Now let C Z[Ci, C2, S^S'^] be the ideal generated by S*^. We claim 
that i*f*{h) = Let y e h. Then write f*{y) =xg, + J2x^+J2 ^tj- 
Then, for any I ^ i, iif*{y) = *;*(a^0 + xi) so X0 = = 0. Hence 
i*f*{Ii) C i*K^. Now, since i*f*{h) ^ t*{K,) and both S{,S'2 are sent to 
primitive elements, it follows that i*f*{Ii) = i*{Ki). 

(4) Let x(^Ki. We claim that there is y g H*{]\ BU{2)) such that f*{y) = x. 
Proof: choose yi G such that i*f*{yi) = i*{x). Then f*{yi) = Xi + Y^Xki- 
So we only have to choose yu such that f*{yki) = Xki and define y — 

(5) Let X e Z[ai,a2]. We claim that there is y G H*{Y[BU{2)) such that 
f*{y) = X. From theorem Ol the map ^; : Z[Ci,C2] H*{S^) is an 
isomorphism hence we can find G Z[Ci,C2] such that i1f*{y(ii) = «0(a;)- 
Then /*(2/0) a; + a;^ + ^ so we just choose yi ^ Xi, yij ^ Xij and 
let y = iM-J2yi -Y^Vij- 



Appendix A. Monads 

Here we show that the inclusion E^^^, is a homotopy equivalence. We 

will use the monad description of self-dual connections on Xi (see |Kin89) '): let 
U,W he k dimensional vector spaces and consider the space R of configurations 
{ai,a2,d,b,c) where ai,a2 G Hom(C/, VF), d G Uom{W,U), b G Hom(C'",W^) and 
c G Hom(J7, C), satisfying the integrability condition aida2 — a2dai + &c = 0. The 
group Aut(VF) X Aut(t/) acts in R by 

(g,h) ■ {ai,a2,d,b,c) = {gaih^'^,ga2h^^,hdg^^,gb,ch^^) 

Then there is an open subset of R, R (the non-degenerate configurations) such that 
9Jl5J(A"i) is isomorphic to the quotient of R by the action of Aut(VF) x Aut([/). 

Proposition A.l. Let Mq be the set of equivalence classes of configurations of the 
form (0,0,0,6,c). Then, as a subspace o/SW^(Ai) ^ Ml{<Cfl), Mq = 

Proof. A self dual connection A G A/o C 971^ (Ai) induces a holomorphic bundle £ 
on CP^ given by the homology of the sequence {£ = Keri?/Im A) 

(5) U(E)0{-L^)®W(S)0{~Loo+L)^^V(^0^-^ 

— ^ W ® O(Loo) ®U(^ 0{Loo - L) 
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where 



i 


sil\ 



















/ 



B = 



X2I 
S2I 



-xil 
-sil 



6x3 




Here 1 is the k x k identity matrix, 2:1,2:2,3^3 are sections spanning H^{0{Loo)) 
with 2:3 = in Loo and si,S2 are sections spanning H^{0{Loo — L)) such that 
si2:2 = 52X1. Let £ii,£2i C Keri? be the rank 2 bundles 



Sii = {(0 asil as2t. (3c 

£2^ = [(v2t -Wil 



I,/? e C} 

; 1:12:1 + ^22:2 



^32:3 = I 



(the subscript i denotes the «th hne of the matrix) and let £3 — {(0, 0, 0, 0, v)\bv — 
c^v = 0}. Then KerB = 0i(fii ® £21) ffi £3- Sequence |S1 splits into k sequences 
whose homology is the homology of the sequences 

(0,a:i,0,a:2,Cia^3) 



O("ioo) 

0{-L^+L) 



(si,0,S2,0,0) 



■ £li 

■ £21 



This clearly shows that the homology of sequence O is a sum of line bundles £ = 
0^(O(L) © 0{-L)) e C-sfe^ Hence Mq C T,[^,^. To show the opposite direction 
we observe that Mq is the subspace of pairs (Vi, V2) G Grass{k, C") x Grass{k, C) 
with Vi -L V2 hence it has dimension Ark — 6k^. Hence, Mo,Si j. are compact 

Mq. ' □ 

I ^ 9Jt^(Xi) is a homotopy 



manifolds of the same dimension. It follows that E 



i.fe 



Theorem A. 2. 

equivalence. 



When r ^ 00, the inclusion i : S 



Proof. Consider the principal Aut{W) x Aut{V) bundle R — > 9Jl^(Xi). Consider 
the pullback of this bundle to Mq. We have the diagram 



i*R- 



R 



Mo — - 9«r 

In |BS97j it was shown that R becomes contractible when r ^ cx) and the same 
argument shows that i*R (the set of configurations of the form (0, 0, 0, b, c)) is also 
contractible. Applying the five lemma to the long exact sequences of homotopy 
groups associated to these principal bundles it follows that the map is an iso- 
morphism in all homotopy groups, hence i is a homotopy equivalence. □ 



Appendix B. Direct sum 



Here we will define a map Tll[{Xg) x %,l{Xq) mi[Xl'^{Xq) induced by direct 
sum and show that this map is well defined when ri, r2 — > 00. 
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For each pair (r, k) fix an SU{r) bundle Er^k over Xq with C2{Er^k) = k. Then, to 
each isomorphism ip : Ek^^n ffi ^'fca.ra ^ Ek^+k2,ri+r2 we can associate a map 

that sends a pair of connections (Ai, A2) to (t)*{Ai Q) A2). Since we act on the 
connections with the gauge group Qq, only depends on the value of at the 
base point Xoo G Xq. The following result is then an easy consequence of the 
connectedness of SU{ri + r2): 

Proposition B.l. Any two maps h^-^^^h^^ '^'"^ homotopic. 

Sum with a trivial rank R bundle induces a map Ml ^,1+^. Then 
Theorem B.2. The following diagram is homotopy commutative 



Hence the map h : OT^ x $Hg — > 9Jl^_|_j,^ is well defined. 

Proof. It follows directly from proposition lB.ll □ 
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